In an earlier paper, the concept of semigroups of self-maps which are nearly commutative at a function g : X → X was introduced. We now continue the investigation, but with emphasis on the compact case. Fixed-point theorems for such semigroups are obtained in the setting of semimetric and metric spaces.
that whenever a semigroup H of self-maps of a set X is n.c. at g : X → X, then H is n.c. at the composite g n for all n ∈ Z + . 
Clearly, a is the only point of A which is a common fixed point of f ,g, and h ∈ H.
Remark 2.2. The definition of a semimetric space (X; d) requires that S(x, ) be a neighborhood of x; that is, the topological interior of S(x, ) is a set in t(d) which contains x. It is an easy matter to show that this fact assures us that any compact semimetric space is sequentially compact. Lemma 2.3. Let (X; d) be a semimetric space and let f ,g : X → X. Suppose that H is a semigroup of self-maps of X which is n.c. at f and at g. Then the following hold, where
is compact and gf is continuous.
Proof.
Since H is n.c. at g and at f for each h ∈ H, there exists
Thus (1) holds. But then, since H is n.c. at g n for n ∈ Z + if H is n.c. at g, (1) implies that for each n ∈ Z + and h ∈ H, there exists h n ∈ H such that (2)) and f ∈ H, so we can write
Thus f (A) = A, and (3) holds.
To prove (4), first note that gf (A) ⊂ A by the definition of A. To show that
But gf is continuous and
≠ ∅ and is compact by the finite intersection property. is compact for n ∈ Z + . Thus for each n ∈ Z + , there exists x n ,y n ∈ (gf ) n (X) such that
Main results
since the semimetric d is u.s.c. Clearly, 0 ≤ α n+1 ≤ α n and therefore α n ↓ b for some b ≥ 0. Since X is compact, there exist subsequences {x kn } and {y kn } of {x n } and {y n } which converge to x, y, respectively, for some x, y ∈ X. As in the proof of Lemma 2.3(4), x, y ∈ A = {a}, so x = y = a. Then the upper semicontinuity of the semimetric d yields
In Theorem 3.1, (ii) states that the point a is a uniformly contractive point of gf , or attracts X (see [7] ). The following theorem tells us that f and g need not be members of H if f g = gf . 
for h and h n in (2.4)). 
Consequently, A = gf (A) ⊂ g(A) ⊂ A and thus
We now lift the requirement that the space (X; d) be compact by demanding that H(a) be relatively compact (i.e., cl(H(a)) is compact) for some a ∈ X. And if there exists x ∈ X such that hx = x for all h ∈ H, we say that the semigroup H has a fixed point. 
Proof. Now h(H(a)) ⊂ H(a) for h ∈ H since H is a semigroup. Moreover, since each h ∈ H is continuous, h(cl(H(a))) ⊂ cl(h(H(a))) ⊂ cl(H(a)). Thus, cl(H(a)) is a nonempty compact h-invariant subset of X for h ∈ H.
We can therefore apply Theorem 3.1 to the compact semimetric space (M; d) with M = cl(H(a)) to obtain our conclusion.
Since any closed and bounded subset of R n is compact, we have the following result. Recall that a semigroup H is n.c. at g n if it is n.c. at g.
Corollary 3.5. Suppose X ⊂ R n and H is a semigroup of continuous selfmaps of X n.c. at g ∈ H. If H(a) is bounded for some a ∈ X and there exists m, n ∈ ω such that
then H has a fixed point.
The following example demonstrates the generality of Corollary 3.5 in that the semigroup H constructed is n.c. at the function g but H is not n.c. (i.e., n.c. at each h ∈ H, see [3, 6] ). Remark 3.6. Suppose that g i : X i → X i for i in some indexing set λ and that H i is a semigroup of maps h i : X i → X i which is n.c. at
then it is immediate that H is a semigroup of self-maps of X which is n.c. at g : X → X. = √ x 2 . Let H 1 and H 2 be semigroups defined by
Then H 1 is not n.c. but is n.c. at g 1 (see [ 6) and is thus bounded. Furthermore, if
(3.7)
Note that for 
In the above example, with
that is, g was a contraction on M. Thus g has a fixed point by the classic theorem of Edelstein. We now provide an example in which g is not a contraction but satisfies the hypothesis of Corollary 3.5.
n ∈ ω}, then g satisfies condition (3.4) with m = n = 1, and has a = 2 as a fixed point. For x < y,
Clearly, g is not a contraction on X. However, on the small interval J = [1.87, 2], g is a contraction and g n x ↑ 2 on J. So suppose we let g be the continuous piecewise linear function g :
, and g(x) = 2x − 2 for x > 2. Then g satisfies (3.8), has 2 as a fixed point, and g so defined is a contraction on no subinterval of X.
Retrospect.
The arguments given in the proofs of Lemma 2.1 and Theorem 3.1 appear to be "standard" in that they are similar in form to those given in the metric case (see, e.g., [5, Theorem 4.2] ). However, these proofs demonstrate that much can be done in spaces not having all of the attributes of metric spaces such as the triangle inequality or the continuity of the distance function. Moreover, by using semigroups H of maps n.c. at a function g instead of C g , the results are appreciably generalized. See [6] for further examples of semigroups n.c. at a function g.
We now give two examples of nonmetric semimetrics. The first produces a topology which is not T 2 and therefore does not yield a semimetric space. Since U ∈ t(d), we can choose a positive rational r such that
Now r is rational, so that r /2 ∈ S(0,r ) and therefore r /2 ∈ U . Since
Thus, the definition of the function d implies
But since 0 < < 2, S(0, ) contains no irrationals whereas the interval I does. This contradiction assures us that 0 is not an interior point of S(0, ).
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